The generalized Auslander-Reiten duality on a module category by Jiao, Pengjie
ar
X
iv
:1
90
3.
01
09
4v
1 
 [m
ath
.R
T]
  4
 M
ar 
20
19
THE GENERALIZED AUSLANDER-REITEN DUALITY ON A
MODULE CATEGORY
PENGJIE JIAO
Abstract. We characterize the generalized Auslander–Reiten duality on the
category of finitely presented modules over some certain Hom-finite category.
Examples of such category include FI and VI.
1. Introduction
Let k be a field. The Auslander–Reiten theory is a powerful tool for the repre-
sentation theory of finite dimensional algebras. In an Ext-finite abelian category, it
was shown that the Auslander–Reiten duality holds if and only if there exist enough
almost split sequences; see [LZ04, Theorem 1.1]. Under some weaker hypotheses,
its local version in an exact category was established; see [LNP13, Theorem 3.6].
Moreover, the generalized Auslander–Reiten duality on a k-linear Hom-finite
Krull–Schmidt exact category A was introduced in [Jia18]. It consists of a pair
of full subcategories Ar and Al, and the generalized Auslander–Reiten translation
functors τ and τ−. Here, τ and τ− are mutually quasi-inverse equivalences between
stable categories of Ar and Al.
Recall that FI is the category whose objects are finite sets and morphisms are
injections, and VI is the one whose objects are finite dimensional linear spaces and
morphisms are linear injections over a finite field. FI-modules were introduced in
[CEF15] to study sequences of representations of symmetric groups. We mention
that finitely generated modules over FI and VI satisfy Noetherian property; see
such as [GL15b, Theorem 3.7].
We attempt to apply the Auslander–Reiten theory to the study of finitely pre-
sented FI-modules and VI-modules.
To meet the requirements, we consider a k-linear Hom-finite small category C.
We assume the class of objects in C is precisely N with C(j, i) = 0 for any i < j,
and each finitely generated C-module is Noetherian. In this case, the category fp C
of finitely presented C-modules is abelian.
We characterize the generalized Auslander–Reiten duality on fp C.
Main Theorem (see Theorem 3.7). Let C be as above. Then (fp C)r = fp C and
(fp C)l = add(fd C ∪ {injective objects in fp C}), and DTr and TrD induce the gen-
eralized Auslander–Reiten translation functors.
Here, fd C is the category of finite dimensional C-modules, and projC is the one of
finitely generated projective C-modules. Moveover, DTr and TrD are the classical
Auslander–Reiten translation.
As we wish, the result can apply to the categories of finitely presented modules
over FI, VI and some certain quivers; see Section 4.
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The paper is organized as follows. Section 2 includes some basics of C-modules.
Section 3 is dedicated to the proof of Theorem 3.7. In Section 4, we apply the result
to FI, VI and some quivers.
2. Module category
Let k be a field. Denote by Mod k the category of k-modules. Let C be a k-linear
Hom-finite essentially small category. Denote by Ob C the class of objects in C, and
by C(a, b) the set of morphisms in C for any a, b ∈ Ob C.
2.1. Modules. A C-module M over k means a covariant functor M : C → Mod k.
A morphism f : M → N of C-modules means a natural transformation. In other
words, it consists of a collection of k-linear maps fa : M(a) → N(a) for any a ∈
ObC, such that N(α) ◦ fa = fb ◦M(α).
Denote by Mod C the category of C-modules. It is well known that Mod C is a k-
linear abelian category. Given any C-modulesM andN , we denote by HomC(M,N)
the set of morphisms of C-modules. We have the faithful exact contravariant functor
D : Mod C → Mod Cop induced by D = Homk(−, k) : Mod k → Mod k.
We mention the following fact; see [GR92, Section 3.7]. It implies that C(a,−)
is projective and DC(−, a) is injective for any a ∈ ObC.
Lemma 2.1. For any M ∈ Mod C and a ∈ C, there exist natural isomorphisms
HomC(C(a,−),M) ≃M(a) and HomC(M,DC(−, a)) ≃ DM(a). 
Given a collection A of C-modules, denote by addA the full subcategory of Mod C
formed by direct summands of finite direct sums of objects in A. Set projC =
add {C(a,−)|a ∈ ObC} and inj C = add {DC(−, a)|a ∈ Ob C}. We observe that the
restriction of D gives a duality D : projC → inj Cop.
A morphism f : M → N of C-modules is called right minimal if any endomor-
phism g ∈ EndC(M) with f ◦ g = f is an isomorphism. Dually, f is called left
minimal if any endomorphism h ∈ EndC(N) with h ◦ f = f is an isomorphism.
Let M be a C-module. A right minimal epimorphism P → M with projective
P is called a projective cover of M . A left minimal monomorphism M → I with
injective I is called an injective envelope of M . We mention the fact that each
C-module admits an injective envelope; see [AF74, Theorem 18.10]
We call M finitely generated if there exists an epimorphism f : P → M with
P ∈ projC; call M finitely presented if moreover Ker f is finitely generated. We
denote by fg C the category of finitely generated C-modules, and by fp C the one of
finitely presented C-modules.
Dually, we callM finitely cogenerated if there exists a monomorphism g : M → I
with I ∈ inj C; call M finitely copresented if moreover Cok g is finitely cogenerated.
We denote by fcg C the category of finitely cogenerated C-modules, and by fcp C the
one of finitely copresented C-modules.
We observe that the restrictions of D give dualities D : fg C → fcg Cop and
D : fp C → fcp Cop. It follows that each finitely generated C-module M admits
a projective cover. Indeed, if f : DM → I is an injective envelope in Mod Cop, then
Df : DI →M is a projective cover.
Lemma 2.2. The categories fg C and fcg C are Hom-finite Krull–Schmidt.
Proof. We observe that N(a) is finite dimensional for any a ∈ C if N ∈ fg C or
N ∈ fcg C. If P → M is an epimorphism with P ∈ projC, then HomC(M,N) is
finite dimensional since so is HomC(P,N). If M → I is a monomorphism with
I ∈ inj C, then HomC(N,M) is finite dimensional since so is HomC(N, I). Then the
result follows from [Kra15, Corollary 4.4]. 
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For each C-module M , we denote by M∗ the Cop-module given by
Cop −→ ModC
HomC(M,−)
−−−−−−−−→ Mod k,
a 7−→ C(a,−) 7−→ HomC(M, C(a,−)).
Here, the left arrow is the Yoneda embedding. For each morphism f : M → N of
C-modules, we let f∗ : N∗ →M∗ be the morphism of Cop-modules given by
f∗a := HomC(f, C(a,−)) : N
∗(a) −→M∗(a),
for any a ∈ Ob C. Then we obtain a contravariant functor
(−)∗ : Mod C −→ Mod Cop.
We mention that (−)∗ is left exact, since HomC(−, C(a,−)) : Mod C → Mod k is
left exact for any a ∈ ObC. We observe by Yoneda’s lemma the duality
(−)∗ : projC −→ projCop.
2.2. Stable categories. Recall from [LZ04, Section 2] that in a k-linear abelian
category A, a morphism f : X → Y is called projectively trivial if for any Z ∈ ObA,
the induced map Ext1A(f, Z) : Ext
1
A(Y, Z)→ Ext
1
A(X,Z) is the zero map. We men-
tion that f is projectively trivial if and only if it factors through every epimorphism
f ′ : X ′ → Y . Dually, f is called injectively trivial if for any Z ∈ ObA, the induced
map Ext1A(Z, f) : Ext
1
A(Z,X) → Ext
1
A(Z, Y ) is the zero map. The morphism f is
injectively trivial if and only if it factors through every monomorphism f ′ : X → Y ′.
We mention the following observation; see [LZ04, Lemma 2.2] and its dual.
Lemma 2.3. Let f : X → Y be a morphism in A.
(1) If there exists an epimorphism g : P → Y with projective P , then f is
projectively trivial if and only if it factors through g.
(2) If there exists a monomorphism g : X → I with injective I, then f is injec-
tively trivial if and only if it factors through g. 
Let X,Y ∈ ObA. We denote by P(X,Y ) the k-submodule of A(X,Y ) formed
by projectively trivial morphisms. Then P forms an ideal of A. The projectively
stable category A attached to A is the factor category A/P . Given a morphism
f ∈ A(X,Y ), we denote by f its image in A.
Dually, we denote by I(X,Y ) the k-submodule of A(X,Y ) formed by injectively
trivial morphisms. The injectively stable category A attached to A is the factor
category A/I. Given a morphism f ∈ A(X,Y ), we denote by f its image in A.
We mention that Ext1A(−, X) induces a functor Ext
1
A(−, X) : A → Mod k, and
Ext1A(X,−) induces a functor Ext
1
A(X,−) : A → Mod k, for any X ∈ ObA.
Specially, we can consider the stable categories of Mod C. Since Mod C contains
enough projective modules, a morphism is projectively trivial if and only if it factors
through some projective module by Lemma 2.3. Similarly, a morphism is injectively
trivial if and only if it factors through some injective module.
We denote by Mod C the projectively stable category, and by ModC the injec-
tively stable category. For any C-modules M and N , we denote HomC(M,N) =
HomC(M,N)/P(M,N) and HomC(M,N) = HomC(M,N)/I(M,N).
2.3. Auslander–Reiten formula. Let δ : 0 → X → Y → Z → 0 be an exact
sequence of C-modules. The covariant defect δ∗ and the contravariant defect δ∗ are
given by the following exact sequence of functors
0→ HomC(Z,−)→ HomC(Y,−)→ HomC(X,−)→ δ∗ → 0,
0→ HomC(−, X)→ HomC(−, Y )→ HomC(−, Z)→ δ
∗ → 0.
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We mention that δ∗ vanishes on injectively trivial morphisms, and δ
∗ vanishes on
projectively trivial morphisms. Therefore, they induce the functors
δ∗ : Mod C −→ Mod k and δ
∗ : Mod C −→ Mod k.
For each finitely presented C-module M , we fix some exact sequence
P1(M)
f1
−→ P0(M)
f0
−→M −→ 0.
Here, f0 and f1 : P0(M)→ Im f1 are projective covers. We call Cok f∗1 the transpose
of M , and denote by TrM ; see [AR75, Section 2]. Moreover, we have a duality
Tr : fp C −→ fp Cop,
Here, fp C is the full subcategory of Mod C formed by finitely presented C-modules.
We mention that if M is an indecomposable non-projective finitely presented C-
module, then TrM is an indecomposable non-projective Cop-module, and TrTrM ≃
M ; see [ARS95, Propositon IV.1.7].
We have the Auslander’s defect formula; see [Kra03, Theorem].
Lemma 2.4. Let δ : 0 → X
f
−→ Y
g
−→ Z → 0 be an exact sequence in ModC, and
M ∈ fp C. Then there exists a natural isomorphism δ∗(DTrM) ≃ Dδ∗(M). 
As a consequence, the Auslander–Reiten formula follows; compare [AR75, Propo-
sition 3.1] and [Kra03, Corollaries].
Proposition 2.5. Let N be a C-module and M be a finitely presented C-module.
Then there exist natural isomorphisms
Ext1C(N,DTrM) ≃ DHomC(M,N)
and
HomC(N,DTrM) ≃ DExt
1
C(M,N).
Proof. Let δ : 0 → K → P → N → 0 be an exact sequence with projective P . We
observe that δ∗(DTrM) = Ext
1
C(N,DTrM) and δ
∗(M) = HomC(M,N). Then
Lemma 2.4 gives the first isomorphism.
Let δ : 0→ N → I → K → 0 be an exact sequence with injective I. We observe
that δ∗(DTrM) = HomC(N,DTrM) and δ
∗(M) = Ext1C(M,N). Then Lemma 2.4
gives the second isomorphism. 
The following consequence gives a characterization for some morphism being
projectively trivial or injectively trivial.
Corollary 2.6. Let M be a finitely presented C-module.
(1) A morphism f : M → N is projectively trivial in Mod C if and only if
Ext1C(f,DTrM) = 0.
(2) A morphism g : N → DTrM is injectively trivial in Mod C if and only if
Ext1C(M, g) = 0.
Proof. (1) It is sufficient to show the sufficiency. We assume Ext1C(f,DTrM) = 0.
Proposition 2.5 implies the following commutative diagram
Ext1C(N,DTrM) Ext
1
C(M,DTrM)
DHomC(M,N) DHomC(M,M).
≃ ≃
Ext1
C
(f,DTrM)
DHom
C
(M,f)
We obtain DHomC(M, f) = 0. Since D is faithful, then HomC(M, f) = 0. In
particular, f = HomC(M, f)(1M ) = 0 in HomC(M,N). Therefore, f is projectively
trivial in Mod C.
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(2) It is sufficient to show the sufficiency. We assume Ext1C(M, g) = 0. Then
DExt1C(M, g) = 0. Proposition 2.5 implies the following commutative diagram
HomC(DTrM,DTrM) HomC(N,DTrM)
DExt1C(M,DTrM) DExt
1
C(M,N).
≃ ≃
HomC(g,DTrM)
D Ext1
C
(M,g)
We obtain HomC(g,DTrM) = 0. In particular, g = HomC(g,DTrM)(1DTrM ) =
0 in HomC(N,DTrM). Therefore, g is injectively trivial in Mod C. 
2.4. Almost split sequences. Recall that a morphism f : M → N is called right
almost split if it is a non-retraction and each non-retraction g : M ′ → N factors
through f . Dually, f is called left almost split if it is a non-section and each non-
section g′ : M → N ′ factors through f . An exact sequence 0 → X
g
−→ Y
f
−→ Z → 0
is called almost split if f is right almost split and g is left almost split.
We deduce the existence of almost split sequences. It is a slight generalization
of [ARS95, Theorem V.1.15].
Proposition 2.7. Let M be an indecomposable C-module.
(1) If M is finitely presented non-projective, then there exists an almost split
sequence
0 −→ DTrM −→ E −→M −→ 0.
(2) If M is finitely copresented non-injective, then there exists an almost split
sequence
0 −→M −→ E −→ TrDM −→ 0.
Proof. We only prove (1). We can choose some nonzero u ∈ DEndC(M) vanishing
on radEndC(M). Assume ǫ : 0 → DTrM → E
f
→ M → 0 is the preimage of u
under Ext1C(M,DTrM) ≃ DEndC(M). We claim that f is right almost split.
Indeed, f is a non-retraction since ǫ is non-split. Assume h : X → M is a non-
retraction. Consider the commutative diagram
Ext1C(M,DTrM) Ext
1
C(X,DTrM)
DEndC(M) DHomC(M,X).
≃ ≃
Ext1
C
(h,DTrM)
DHom
C
(M,h)
We observe that EndC(M) is local. Then HomC(M,h)(h
′) = h ◦ h′ ∈ radEndC(M)
for any h′ : M → X . It follows that HomΓ(HomC(M,h), I)(u) = u ◦HomC(M,h) =
0. The above diagram implies that Ext1C(h,HomΓ(TrM, I))(ǫ) = 0. Hence, the
pullback of ǫ along h splits. In other words, h factors through f . It follows that f
is right almost split.
We observe that DTrM is indecomposable, and hence EndC(DTrM) is local.
It follows from [Aus78, Proposition I.4.4] that ǫ is an almost split sequence. 
3. Generalized Auslander–Reiten duality on fp C
Let k be a field, and C be a k-linear Hom-finite category of type A∞ such that
Mod C is locally Noetherian.
Here, we call C of type A∞ if Ob C = N with C(j, i) = 0 for any i < j; compare
[GL15b, Definition 2.2]. In particular, C is small and skeletal.
Recall that Mod C is called locally Noetherian if any C-submodule of each finitely
generated C-module is also finitely generated; see [Pop73, Section 5.8].
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3.1. Finitely presented modules. Finitely presented C-modules admit some spe-
cial properties when ModC is locally Noetherian.
The following fact is well known.
Lemma 3.1. If Mod C is locally Noetherian, then fg C coincides with fp C, and is
an abelian subcategory of Mod C closed under extensions.
Proof. Since Mod C is locally Noetherian, every finitely generated C-module is
finitely presented. Then fg C and fp C coincide. We observe that fg C is closed under
submodules and factor modules. It follows that fg C is an abelian subcategory of
Mod C closed under extensions. 
Recall that a C-module M is called finite dimensional if there exist only finitely
many i ∈ Ob C with M(i) 6= 0 and these M(i) are finite dimensional. We denote
by fd C the category of finite dimensional C-modules.
We mention the following observation.
Lemma 3.2. Finitely cogenerated injective C-modules are finite dimensional.
Proof. It is sufficient to show that DC(−, i) is finite dimensional for any i ∈ ObC.
We observe that the set of j ∈ Ob C with DC(j, i) 6= 0 is a subset of {j ∈ ObC|j ≤ i}
which is finite, since C is of A∞ type. Since C is Hom-finite, each DC(j, i) is finite
dimensional. Then the result follows. 
As a consequence, we obtain the following fact.
Proposition 3.3. The categories fd C, fcg C and fcp C coincide, and are contained
in fg C.
Proof. We observe by Lemma 2.1(2) that a finite dimensional C-module is finitely
cogenerated. Assume C-module M is finitely cogenerated and f : M → I is a
monomorphism with I ∈ inj C. Lemma 3.2 implies that I is finite dimensional.
Then so is M . Hence fd C and fcg C coincide.
We observe that Cok f is also finite dimensional, and hence is finitely cogener-
ated. It follows that M is finitely copresented. Then fg C and fcp C coincide, since
fcp C is contained in fg C.
We observe by Lemma 2.1(1) that finite dimensional C-modules are also finitely
generated. Then the result follows. 
We observe by Lemmas 2.2 and 3.1 that fp C is a Hom-finite Krull–Schmidt
abelian category. Then we can consider its stable categories. The first step is to
study the projectively trivial morphisms and injectively trivial morphisms in fp C.
Lemma 3.4. Let f : M → N be a morphism in fp C.
(1) f is projectively trivial in fp C if and only if it is projectively trivial in
Mod C.
(2) If M ∈ fd C or N ∈ fd C, then f is injectively trivial in fp C if and only if it
is injectively trivial in Mod C.
Proof. (1) We observe that DTrM is finitely copresented and then lies in fp C by
Proposition 3.3. Then it follows from Corollary 2.6(1) that f is projectively trivial
in fp C if and only if it is projectively trivial in Mod C.
(2) If N ∈ fd C, it is finitely copresented by Proposition 3.3. We observe that N
is the direct sum of DTrTrDN and some injective C-module with TrDN ∈ fp C.
Then it follows from Corollary 2.6(2) that f is injectively trivial in fp C if and only
if it is injectively trivial in Mod C.
If M ∈ fd C, its injective envelope in Mod C lies in fp C by Proposition 3.3. Then
the result follows from Lemma 2.3. 
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As a consequence of Lemma 3.4, we have that fp C = fp C and fd C is a full
subcategory of fp C.
Assume f : M → N is an injectively trivial morphism in fp C such that N ∈ fd C
but M /∈ fd C. We mention that f needs not factor through some injective object
in fp C. But Lemma 3.4(2) implies that f is injectively trivial in Mod C. It follows
from Lemma 2.3 that f factors through some injective C-module I. Here, I needs
not lie in fp C.
There may exist some injectively trivial morphisms f : M → N in fp C, such that
M,N /∈ fd C. In this case, we have no idea so far.
3.2. Generalized Auslander–Reiten duality. Recall from [Jia18, Section 2]
that the generalized Auslander–Reiten duality on fp C consists of a pair of full cat-
egories (fp C)r and (fp C)l, and a pair of functors
τ : (fp C)r −→ (fp C)l and τ : (fp C)l −→ (fp C)r.
Here, (fp C)r is the image of (fp C)r under the factor functor fp C → fp C, and (fp C)l
is the image of (fp C)l under the factor functor fp C → fp C.
The subcategories (fp C)r and (fp C)l are given as follows
(fp C)r =
{
X ∈ fp C
∣∣DExt1C(X,−) : fp C → Mod k is representable}
and
(fp C)l =
{
X ∈ fp C
∣∣DExt1C(−, X) : fp C → Mod k is representable} .
We mention that (fp C)r and (fp C)l are both additive.
For any X ∈ (fp C)l and Y ∈ fp C, there exists a natural isomorphism
HomC(τ
−X,Y ) ≃ DExt1C(Y,X).
For any Y ∈ (fp C)r and X ∈ fp C, there exists a natural isomorphism
HomC(X, τY ) ≃ DExt
1
C(Y,X).
Moreover, the functors τ and τ− are mutually quasi-inverse equivalences. They are
called the generalized Auslander–Reiten translation functors.
We mention the following characterizations for objects in (fp C)r and (fp C)l; see
[Jia18, Proposition 2.4].
Lemma 3.5. Let X be an indecomposable object in fp C.
(1) If X is not a projective object, then X lies in (fp C)r if and only if there
exists an almost split sequence ending at X.
(2) If X is not an injective object, then X lies in (fp C)l if and only if there
exists an almost split sequence starting at X. 
Considering the above lemma, it is necessary to study the almost split sequences
in fp C.
Lemma 3.6. An exact sequence in fp C is almost split if and only if it is an almost
split sequence in Mod C.
Proof. The sufficiency is immediate. For the necessary, we assume
δ : 0 −→M −→ E −→ N −→ 0
is an almost split sequence in fp C. We observe that N is a finitely presented non-
projective C-module. Then there exists an almost split sequence
ǫ : 0 −→ DTrN −→ E′ −→ N −→ 0
in Mod C by Proposition 2.7(1). We observe that DTrN is finitely copresented.
Proposition 3.3 implies that DTrN is finitely presented, and hence ǫ lies in fp C.
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Then ǫ is an almost split sequence in fp C, and hence is isomorphic to δ. It follows
that δ is an almost split sequence in Mod C. 
The following result gives the generalized Auslander–Reiten duality on fp C. It
is analogous to [Jia18, Proposition 4.4].
Theorem 3.7. Let C be a Hom-finite category of type A∞ such that Mod C is locally
Noetherian. Then
(fp C)r = fp C
and
(fp C)l = add (fd C ∪ {injective objects in fp C}) .
Moreover, the functors DTr and TrD induce the generalized Auslander–Reiten
translation functors.
Proof. We observe that projective objects lie in (fp C)r. Let M be an indecompos-
able non-projective object in fp C. Proposition 2.7(1) gives an almost split sequence
δ : 0 −→ N −→ E −→M −→ 0.
We observe by Proposition 3.3 and Lemma 3.1 that N is finitely presented. Then
δ is an almost split sequence in fp C. Lemma 3.5(1) implies that M lies in (fp C)r.
Then the first equality follows.
Dually, injective objects lie in (fp C)l. Let N be a finite dimensional indecompos-
able non-injective object in fp C. We observe by Proposition 3.3 that N is finitely
copresented. Proposition 2.7(2) gives an almost split sequence starting at N , which
lies in fp C. Lemma 3.5(2) implies that N lies in (fp C)l.
On the other hand, let N be an indecomposable non-injective object lying in
(fp C)l. Lemma 3.5(2) implies that there exists an almost split sequence
δ : 0 −→ N −→ E −→M −→ 0
in fp C. Lemma 3.6 implies that δ is an almost split sequence in ModC. Since M is
non-projective, we observe by Proposition 2.7(1) that N ≃ DTrM and is finitely
copresented. Proposition 3.3 implies that N is finite dimensional. Then the second
equality follows.
We observe that fd C is a dense full subcategory of (fp C)l, since any injective
object becomes zero in fp C. Then DTr and TrD induce functors
τ : fp C −→ (fp C)l and τ
− : (fp C)l −→ fp C,
which are mutually quasi-inverse equivalences.
Proposition 2.5 gives natural isomorphisms
φ : HomC(M, τN)
≃
−→ DExt1C(N,M)
for any M,N ∈ fp C, and
ψ : HomC(τ
−M,N)
≃
−→ DExt1C(N,M)
for any M ∈ (fd C)l and N ∈ fp C. Here, we mention that HomC(M, τN) is the
Hom-set in Mod C by Corollary 2.6(2). Then the result follows. 
4. Examples
Let k be a field. We will give some examples in this section.
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4.1. Quivers. Let Q = (Q0, Q1) be a quiver, where Q0 is the set of vertices and
Q1 is the set of arrows. For any arrow α : a→ b, we denote by s(α) = a its source
and by t(α) = b its target.
Every vertex a is associated with a trivial path (of length 0) ea with s(ea) =
a = t(ea). A path p of length l ≥ 1 is a sequence of arrows αl · · ·α2α1 that
s(αi+1) = t(αi) for any 1 ≤ i < l. We set s(p) = s(α1) and t(p) = t(αl). For any
path p, we have ps(p) = p = t(p)p. For any vertices a and b we denote by Q(a, b)
the set of paths p with s(p) = a and t(p) = b.
We can view Q as a small category. Assume Q0 = N and Q(i, j) is a nonempty
finite set and Q(j, i) = ∅ for any j > i ≥ 0.
Let C be the k-linearization of Q; see [GR92, Section2.1]. Then C is a k-linear
Hom-finite category of type A∞. The category of representations of Q is isomorphic
to Mod C. We will denote Pa = C(a,−) and Ia = DC(−, a) for any a ∈ ObC. It is
well known that Mod C is hereditary; see [GR92, Section 8.2].
We mention the following fact.
Lemma 4.1. The category fp C is a hereditary abelian subcategory of Mod C closed
under extensions.
Proof. Let f : P → P ′ be a morphism in projC. Since Mod C is hereditary, then
Im f is projective. Therefore, the induced exact sequence
0 −→ Ker f −→ P −→ Im f −→ 0
splits, and hence Ker f ∈ projC. Then the result follows from [Aus66, Proposi-
tion 2.1] and the horseshoe lemma. 
We mention that Mod C needs not be locally Noetherian in general, even though
fp C is abelian by Lemma 4.1. See the following example.
Example 4.2. Assume Q is the following quiver.
0
◦
◦
1
◦
2
◦
3
· · · ◦
i
· · ·
α1 α2 α3 · · ·
αi
· · ·
β2 β3 β4 βi βi+1
We have the injection
(f1, f2, . . . , fi, . . . ) :
⊕
i≥1
Pi −→ P0.
Here, fi is induced by αi. It follows that Mod C is not locally Noetherian.
Recall that Q is called uniformly interval finite if there exists some integer N
such that |Q(a, b)| ≤ N for any a, b ∈ Q0; see [Jiaa, Definition 2.3]. We have the
following characterization.
Proposition 4.3. The category ModC is locally Noetherian if and only if Q is
uniformly interval finite.
Proof. We observe that |Q(i, j)| ≤ |Q(i′, j′)| for any i′ ≤ i and j′ ≥ j. Then Q is
uniformly interval finite if and only if {|Q(0, j)| |j ∈ Q0} is bounded.
If {|Q(0, j)| |j ∈ Q0} is bounded, there exists some n ∈ N such that |Q(0, n)| =
|Q(0, i)| for any i ≥ n. For any i ≥ 0, we observe that dimPi(j) coincide for all
j ≥ max {i, n}.
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For any submodule M of Pi, there exists some m ∈ N such that dimM(i) =
dimM(m) for any i ≥ m. Consider the submodule M ′ of M such that
M ′(i) =
{
M(i), if i ≥ m,
0, if i < m.
We observe that M ′ ≃ P
⊕ dimM(m)
m and M/M ′ is finite dimensional. It follows that
M is finitely generated.
We observe that Noetherian property is closed under finite direct sums and factor
modules. Then ModC is locally Noetherian.
If {|Q(0, j)| |j ∈ Q0} is unbounded, we consider P0. There exists some i1 > 1
such that |Q(0, i1)| > |Q(0, i1 − 1)| ≥ 1. Moreover, there exists some i2 such that
|Q(0, i2)| > |Q(0, i1)|. Then at least two paths in Q(0, i2) are not the form up1 for
any u ∈ Q(i1, i2). We denote one of them by p2.
Inductively, for any j ≥ 2, there exists some ij such that |Q(0, ij)| > |Q(0, ij−1)|.
Then at least two paths in Q(0, ij) are not the form upr for any 1 ≤ r < j and
u ∈ Q(ir, ij). Denote one of them by pj .
We then obtain the monomorphism
(f1, f2, . . . , fj , . . . ) :
⊕
j≥1
Pij −→ P0,
where fj is induced by pj . It follows that Mod C is not locally Noetherian. 
We study the generalized Auslander–Reiten duality on fp C when Q is uniformly
interval finite.
Considering [Jiab, Theorem 3.10], we obtain the following characterization of
indecomposable injective objects in fp C.
Lemma 4.4. If Q is uniformly interval finite, then
{P0} ∪ {Ia|a ∈ Q0}
is a complete set of indecomposable injective objects in fp C. 
Then we can make the subcategory (fp C)l more explicit.
Proposition 4.5. Assume Q is uniformly interval finite. Then
(fp C)l = add (fd C ∪ {P0}) .
Proof. We observe by Theorem 3.7 that an indecomposable object in (fp C)l is
finite dimensional or is an injective object in fp C. Lemma 4.4 implies that an
indecomposable injective object in fp C is either P0 or Ia for some a ∈ Q0. Since
every Ia is finite dimensional, then the equality follows. 
Example 4.6. Assume Q is the following quiver.
◦
0
◦
1
◦
2
◦
3
· · ·
α1 α2 α3 α4
We observe that Q is uniformly interval finite. Then Mod C is locally Noetherian
by Proposition 4.3.
For any j ≥ i ≥ 0, we denote the indecomposable C-module
Xij : 0 · · · 0 k
i
· · · k
j
0 · · · .0 0 0 1 1 0 0
We observe that
{Xij |j ≥ i ≥ 0} ∪ {Pi|i ≥ 0}
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is a complete set of indecomposable C-modules, and X0j ≃ Ij for any j ≥ 0. It
follows from Theorem 3.7 and Proposition 4.5 that
(fp C)r = fp C = add ({Xij |j ≥ i ≥ 0} ∪ {Pi|i ≥ 0})
and
(fp C)l = add ({Xij |j ≥ i ≥ 0} ∪ {P0}) .
4.2. FI and VI. Assume the field k is of characteristic 0. Recall that FI is the
category whose objects are finite sets and morphisms are injections, and VI is the
one whose objects are finite dimensional linear spaces and morphisms are linear
injections over a finite field.
Let G be a finite group. Recall from [GL15a, Definition 1.1] that FIG is the
category whose objects are finite sets, and FIG(S, T ) is the set of pairs (f, g) where
f : S → T is an injection and g : S → G is an arbitrary map. The composition of
(f, g) ∈ FIG(S, T ) and (f ′, g′) ∈ FIG(T, T ′) is given by
(f ′, g′) ◦ (f, g) = (f ′ ◦ f, g′′),
where g′′(x) = g′(f(x)) · g(x) for any x ∈ S. We observe that FIG is isomorphic to
FI if G is trivial group.
Given a skeleton of FIG (or VI), we will denote every object by its cardinal
(or dimensional) n ∈ N. Let C be the k-linearization of the skeleton. Then C
is a k-linear Hom-finite category of type A∞. The category of FIG-modules (or
VI-modules) over k is isomorphic to Mod C.
The following result follows from [GL15b, Theorem 3.7].
Lemma 4.7. The category Mod C is locally Noetherian. 
We study the generalized Auslander–Reiten duality on fp C. The following result
characterize injective objects in fp C; see [GL15a, Theorems 1.5 and 1.7] and [Nag,
Theorems 1.9 and 5.23].
Lemma 4.8. Every finitely generated projective C-module is an injective object
in fp C, and every indecomposable injective object in fp C lies in either inj C or
projC. 
The above fact implies that any projectively trivial morphism in fp C is also an
injectively trivial morphism in fp C. Therefore, fp C is a factor category of fp C. But,
Theorem 3.7 implies that fp C is equivalent to the full subcategory fd C of fp C. It
is somehow surprising.
We can make the subcategory (fp C)l more explicit.
Proposition 4.9. Let C be the k-linearization of a skeleton of FIG or VI. Then
(fp C)l = add (fd C ∪ projC) .
Proof. We observe by Theorem 3.7 that an indecomposable object in (fp C)l is
finite dimensional or is an injective object in fp C. Lemma 4.8 implies that an
indecomposable injective object in fp C lies in either inj C or projC. Since inj C is
contained in fd C, then the equality follows. 
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